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Short-Scale Instabilities in Trailing Wake
Vortices in a Strati� ed Fluid

Donald P. Delisi¤ and Robert E. Robins†

NorthWest Research Associates, Inc., Bellevue, Washington 98009-3027

Measurements of the evolutionof wingtip trailingwake vortices in nonturbulentand unsheared density-strati� ed
� uidsare reported, using both laboratoryexperiments and a three-dimensionalnumerical code. As is widelyknown,
and as our laboratory and numerical results con� rm, the primary instability for these vortices in an unstrati� ed
� uid is the Crow instability, which has a characteristic initial wavelength of around 8.6b0, where b0 is the initial
separation distance between the vortices. In strati� ed � uids, however, our laboratory observations and numerical
simulations show an instability with a shorter wavelength of around b0 –2b0. This instability appears at a time in
the evolution when the vertical migration of the vortices has reached nearly its maximum extent. The observed
instability grows both in amplitude and wavelength with time. When the vortex Froude number is around one, the
instability � rst becomes visible at a nondimensional time T of around 2 and reaches a maximum at T of around
4. For a commercial aircraft, the latter time corresponds to distances of around 10–25 km behind the aircraft. In
� ight, at T » 4, the vertical peak-to-peak amplitude oscillation of the vortex cores due to this instability could be
up to 20 m with a horizontal wavelength around 100 m.

Nomenclature
b0 = initial distance between the vortices
Fr = Froude number, V0 / N b0

g = gravitational acceleration
H = nondimensionaldescent distance, h /b0

h = dimensional descent distance
m = axial wavenumber of a perturbation
N = Brunt–Väsäilä frequency of strati� ed � uid,

N 2 = ¡ (g / q 0) d q / dz
r0 = radius of the vortex cores
T = nondimensional time, tV0 /b0

t = dimensional time
V0 = initial descent speed of the vortices
x = axial coordinate
y = cross-axial coordinate
z = vertical coordinate
C = vortex circulation,2 p V0b0

e = measure of numerical accuracy
m = kinematic viscosity
q (z) = ambient density pro� le
q 0 = representativevalue of ambient density

I. Introduction

A LIFTING wing generates counter-rotatingwake vortices that
generally roll up downstream of the wing into a single pair of

vortices. As this pair of vortices descends in an unstrati� ed � uid,
the vortex cores become unstable, and a periodic oscillation de-
velops.As the oscillationamplitude increases,the distancebetween
the cores increasesat some locations,while the cores approacheach
otherat other locations.When thecores toucheach other(commonly
called linking or reconnection), vortex rings are formed. This sinu-
soidal instability that develops in the initially two-dimensional line
vortex pair, � rst reported by Scorer1 and � rst analyzed by Crow,2

is commonly called the Crow instability. Crow’s analysis was per-
formed for vortices in a nonturbulent,unstrati�ed, � uid and showed
that the initial instability has a wavelength of 8.6b0 , where b0 is
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the initial separation distance between the vortices. Crow’s predic-
tions have been veri� ed both in the laboratory3 and with three-
dimensional numerical codes.4

Recently, several laboratory studies in unstrati�ed � uids have re-
ported on the evolutionof vortex core instabilitieswith wavelengths
substantially smaller than 8.6b0 . In unstrati� ed water experiments,
Thomas and Auerbach5 observedthe evolutionof vorticesgenerated
by the rotation and stopping of a single � at plate. In these exper-
iments, long-scale waves, with wavelengths similar to the Crow
wavelength, and shorter-scalewaves, with wavelengths of order b0

or less, were observed only on the stopping vortex. Experiments
with only a single vortex showed no instabilities.In related,also un-
strati� ed, water experiments, Leweke and Williamson6,7 observed
short-scale and long-scale instabilities in a counter-rotatingvortex
pair generated by the motion of two � at plates. Their experiments
look qualitativelysimilar to those of Thomas and Auerbach,5 except
that the instabilities developed on both vortices, probably because
the vortices in Leweke and Williamson6,7 were generated simulta-
neously.Finally, the measurementsof Sarpkaya and Suthon8 on vor-
tex pairs in an unstrati�ed � uid approachinga free surface strongly
suggest that short-scale instabilities are responsible for some of the
various surface phenomena they observed.

In strati� ed � ows, vortex evolution is different than in unstrat-
i� ed � ows. In high-resolution, two-dimensional numerical simu-
lations, Spalart9 reported that the vortices propagated farther in
a strati� ed � uid than in an unstrati� ed � uid. However, in three-
dimensionallaboratoryexperiments3 and three-dimensionalnumer-
ical simulations,10 strati� cation was shown to inhibit the vertical
migrationof the vortices, and they propagatedless far than in an un-
strati� ed � uid. None of these experiments or simulations reported
on short-scale (wavelength b0 –2b0 ) instabilities developing on the
vortex cores.

Recently, we have examined the three-dimensional behavior of
wake vortices from model wings in density-strati�ed � uids with-
out turbulence and shear, and we have observed instabilities of a
much shorter scale than the Crow instability. Our instabilities ini-
tially appearearlier in the evolution of the vortices than in the above
studies5 ¡ 7 andonly in strati� ed � ows. In thispaper,we reportonboth
laboratoryobservationsandnumericalsimulationsof these instabili-
ties.We discussthe experimentalfacility in Sec. II and the numerical
code in Sec. III. Results are presented in Sec. IV, Sec. V contains a
discussionof these results, and conclusionsare presentedin Sec. VI.

II. Experimental Facility
Our laboratoryexperimentswere performedin a water-� lled tow-

ing tank measuring 9.8 m long, 0.9 m wide, and 1.0 m deep. For
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Table 1 Summary of runs used in this study

Run Tow speed, Angle of Trailing edge
number cm/s attack, deg depth, cm N , s ¡ 1 Fr

6383 212.9 6.0 16.33 0 1
6387 248.3 6.0 16.33 0 1
6392 248.7 6.0 17.46 0.41 1.10
6393 251.0 6.0 17.46 0.41 1.10
6395 160.9 6.0 17.15 0.42 0.73
6396 300.5 3.0 16.99 0.42 1.00

these experiments, the water depth was 0.9 m. To generate wake
vortices, a single wing was towed down the tank at a constant depth
below the surface. The depth of the wing in the water was always
greater than six chords to ensure that the wing was in the linear part
of the strati� cation pro� le and to minimize the effect of the free
surface. The wing consisted of a rectangular plate that was curved
in a smooth, circular, arc with a camber of 12.1%. The plate was
0.081 cm thick and had a span of 10.52 cm and a chord of 2.42 cm.
The aspect ratio, the square of the wing span divided by the wing
area, was 4.3. A thin strut of 0.16 cm thickness and 1.27 cm width
was connected to the centerline of the wing. The strut was attached
to a carriage that rode above the tank and was towed by steel cables.
The towing speed used for these measurements ranged from 160 to
300 cm/s, giving chord Reynolds numbers ranging from 3.9 £ 104

to 7.3 £ 104 (compared to aircraft chord Reynolds numbers on the
order of tens of millions). The angle of attack of the wing (relative
to a zero angle of attack when the leading and trailing edges were
horizontal) was 6 deg (3 deg for run 6396; see Table 1). The leading
edge of the wing was up, so the vortices generated from the wing
migrated down toward the bottom of the tank. The coef� cient of lift
for this wing was 0.87 at 6 deg and 0.50 at 3 deg.

Flow visualization was performed primarily using � uorescein
dye. Before a run,water was taken from the tank at the same depthas
the wing. This water was mixed with a small amount of dye to form
a dye solution that had nearly the same density as the undyed water
at the depth of the wing. The dye mixture was introduced into the
tank in a concentrated cloud just upstream of the test section. The
dye was injected into the water just before the passage of the wing
with a hypodermic syringe, with the tip located at the depth of the
wing. As the wing passed through the dye cloud, dye was entrained
into the cores, and this dye traveledin the same directionas the wing
into the test section. In the test section, the dye was illuminated by
a Spectra-Physics 5-W argon ion laser. The motion of the dye was
documented on videotape using two video camcorders located at
the side and the top of the tank. Grids in the test section for both the
side and overhead views were recorded on the videotapes to allow
the determination of length scales.

The dye appeared to have a minimal effect on either the strati� ca-
tion or the motion of the vortices. When injected, the dye normally
stayed at the same level as the injection point and spread slowly
and laminarly. In those rare cases when the dye did not stay at the
injection level (these cases always occurred in an unstrati� ed tank),
the movement was always traced to slow convectivecurrents in the
tank. In those cases, no runs were performed. Several cases were
performed with no dye or with smaller amounts of dye to determine
the effects of the dye on the vortex motion. With no dye, either
shadowgraph (for strati� ed cases) or particles on the bottom � oor
of the tank (for unstrati� ed cases) was used to record the motion
or migration speed of the vortices. In all cases, the results with the
dye were identical to the results without dye to within experimental
measurement error.

The tank was either unstrati�ed using fresh water or strati� ed
using salt water. A standard two-tank strati� cation method, similar
to that used by Fortuin,11 Delisi and Dunkerton,12 and others, was
used to produce linear strati� cation pro� les. These pro� les were
measured using calibrated conductivityprobes.

Observationsusing videotapesfrom the camcorderson the side of
the tank yielded the depth of the vortex cores with time. From these
measurements, we could estimate the initial vertical velocity V0 of
the vortexsystem, as well as the time historyof the depthof the cores
and the evolution of wave instabilities on the cores. Observations

of the videotapes from the camcorders on the top of the tank gave
the separation of the vortex cores with time, from which we could
estimate the initial separation b0 of the vortex cores.

The vortex Reynolds number is de� ned as C / m , where C is the
vortex circulation, de� ned as 2p V0b0, and m is kinematic viscosity.
In this study, the vortex Reynolds number ranged from 1.9 £ 104 to
2.7 £ 104, with only run 6395 being below 2.2 £ 104 . The median
vortex Reynolds number in our experiments was 2.45 £ 104 (com-
pared to aircraft vortex Reynolds numbers on the order of tens of
millions).

The strati� cation pro� le is used to estimate the Brunt–Väsäilä
frequency N given by N 2 = ¡ (g / q 0) d q / dz, where g is the accel-
eration due to gravity, q is density, q 0 is a representative density,
and z is the vertical coordinate. In these experiments, N was zero
(unstrati�ed), 0.41, or 0.42 s ¡ 1. The nondimensionalvortex Froude
number is de� ned as Fr = V0 / Nb0. In this study, Fr ranged from
0.73 to in� nite (no strati� cation).

A summary of the runs in this study is given in Table 1.

III. Numerical Approach
The code we used in the present study solves the primitive,

Boussinesq, three-dimensionalNavier–Stokes equations for an in-
compressible � uid. Described in detail in Refs. 4 and 10, the code
usesa two-phasetime steppingscheme,where the � rst phaseevolves
the � ow using the second-orderAdams–Bashforth method, and the
second phase, sometimes called a projection phase, maintains in-
compressibility. The side wall boundary conditions are periodic
so that fast Fourier transforms can be used to compute horizontal
derivatives.For simplicity, the top and bottom boundary conditions
are open (normal derivativesequal zero), and a sixth-ordercompact
scheme, similar to one describedby Lele,13 is used to computeverti-
cal derivatives.The two-thirds rule is used to avoid aliasing.Fourier
and compact low-pass � lters, in the horizontal and vertical direc-
tions, respectively, are used to control the build-up of small-scale
energy. The compact � lter is also based on a scheme described by
Lele.13

The calculationsof trailingvortexevolution,discussedin the next
section, are initializedby a superpositionof counter-rotatingvortex
pairs.The horizontalcoordinatealignedwith the axes of the vortices
is denoted by x , the horizontal cross-axial coordinate by y, and the
vertical coordinateby z. Initially, the axes of each componentof the
superposition of vortex pairs lie in the same horizontal plane and
are slightly perturbed from being parallel straight lines separated
by b0. The perturbations are sinusoidal, with each sinusoid having
horizontal peak-to-peak amplitude equal to 10% of b0. The axial
wavenumber m of each component pair (where m is the same for
each member of the pair) typically varies from 2 to 40 in an ax-
ial domain of length 10b0. The axial phase of each vortex in the
superposition is randomly assigned. Thus, although the vortices in
each component counter-rotatingpair have the same amplitude and
wavenumber, they havedifferentaxial phases.As a result of the ran-
domness of the phases, the horizontaloscillationof the axis of each
compositevortexhasa peak-to-peakamplitudeapproximatelyequal
to 4% of b0 (in contrast to 10% of b0 for each component vortex),
implying that the initial separation between the composite vortices
varies between 0.96 and 1.04 times b0. The circulations for the dif-
ferent components vary as m ¡ 5/ 6 (thus energies vary as m ¡ 5/ 3), and
the initial total circulation of the superposition is chosen equal to
the initial total circulation of the vortices that are being simulated.
In planes perpendicularto the x-coordinate, the vortex components
have circular Gaussian vorticity distributions.The cores of the vor-
tex components are de� ned by the core radius r0, where r0 is the
value at which the vorticity falls to 1/ e of its peak value. In these
simulations, r0 was 0.16b0 (16% cores). The migration direction
of the vortices is downward, for easy comparison with the vortices
produced in the laboratory.

Four calculations were performed for this study as summarized
in Table 2. Computer system batch queue constraints for time and
memory affected the choice of parameters. It is worth noting that
there were � ve points across the vortex core diameters for the lower
(F1r, N0r) resolution calculations and nine points for the higher
(F1R, N0R) resolution calculations. The vortex Reynolds number,
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Table 2 Calculations performed in this study

Case Domain size,a b0 Grida D T , D tV0 /b0 Fr

F1r 10 £ 5 £ 7 256 £ 64 £ 91 0.00202 1
F1R 10 £ 5 £ 5 512 £ 128 £ 129 0.00111 1
N0r 20 £ 5 £ 8 512 £ 64 £ 103 0.00202 1
N0R 10 £ 5 £ 7 512 £ 128 £ 181 0.00121 1
aFor domain size and grid, the order is axial £ cross-axial £ vertical.

Fig. 1 Incompressibility criterion " vs nondimensional time T.

C / m , for all calculationswas 1465,a numberempiricallydetermined
to yieldbetteragreementwith laboratoryresults than higheror lower
values.

To assess the credibility of the calculations, we monitored the
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where h i indicates an average over the computational domain. The
quantity e is a measure of the incompressibilityof computed � ows;
the value of e for an incompressible � ow should be zero. Our crite-
rion for a calculationto be of acceptableaccuracywas that the value
of e at the conclusion of the calculation be less than 0.01.

Figure 1 shows e vs T for calculations F1r and F1R, where
T = tV0 / b0 , and t is dimensional time. It is evident, according to
the above criterion, that calculation F1r is barely acceptable for
T * 3, whereas calculation F1R falls well within the criterion for
acceptability.Further assessment of the validity of the calculations
is shown in the next section.

IV. Results
Figure 2 shows a video image from a laboratory experiment in

an unstrati� ed � uid (run 6387). This � gure shows a side view of
the towing tank, where the wing passed through the test section
near the top of the tank, traveling from left to right in the image.
The initial wing depth is shown as the dashed line near the top
of the tank. The vortex cores, made visible with dye, are shown
at a time of 7.0 s after the passage of the wing. (The clock is in
the lower-right-hand corner and reads in tenths of a second.) The
dye cloud can be seen on the left-hand side of the image. In this
image, the coresare at a nondimensionaldepth, H = h /b0, of around
3, where h is dimensional depth, and the image was taken at a
nondimensional time T of around 3. The vortices in the image are
undergoingCrow instabilityand are at a stagewhen the vortex cores
are about to reconnectand form vortex rings. In this � gure, the cores
have descendedmost rapidly in the dye cloud on the left-hand edge
of the picture and near the right edge of the picture (shown by the

Fig. 2 Video image showing the side view of an unstrati� ed run (run
6387) at a time of 7.0 s after passage of a wing. The wing passed from
left to right in the image at a depth near the top of the image (shown
by the dashed line). Dye is shown in the vortex cores, and a dye cloud
can be seen on the left-hand side of the image. The vortices are about
to undergo linking as the vortex lines evolve into vortex rings. Arrows
show the locations where linking of the vortex cores occurs at a time
slightly later than shown in the � gure. Note the absence of wavelengths
shorter than the Crow instability wavelength.

arrows in Fig. 2). These are the regions where the vortex cores
have come closer together. The more rapid descent of these regions
relative to the descent of the cores in the center of the image is a
result of the closer vortex spacing at these two locations. In this
image, we estimate the wavelength of the instability to be around
8.5b0, close to the most unstable wavelength predicted by Crow.2

Of particular note in this � gure are the dominance of the Crow
instability wavelength and the absence of shorter wavelengths.

Figure 3 shows images from a nominally identical run at the
same time after passage of the wing, except the water in this ex-
periment is linearly strati� ed. In this run (run 6393), the Brunt–
Väsäilä frequency, N , was 0.41 s ¡ 1, and the Froude number was
1.10. Figure 3a shows a side view of the towing tank, similar to
the view in Fig. 2. The time of this image is 7.0 s after passage
of the wing, similar to the time in Fig. 2. In this image, we do not
see the longer Crow wavelength that dominated the � ow in Fig. 2.
Instead, shorter-scale wavelengths are evident, particularly in the
right-hand side of the image where the vortex cores are most vis-
ible (shown by the arrows). Note also that the oscillations of the
vortex cores appear to be out of phase, i.e., at axial positions where
one vortex moves upwards, the other vortex moves downward. This
out-of-phasemotionwas also reportedby Leweke and Williamson.7

Figure 3b shows another view of the same run at the same time af-
ter passageof the wing. For this view, a camcorder was placed both
aboveand to the side of the tank to givea three-dimensionalperspec-
tive. In Fig. 3b, the shorter-scalewavelengthsare easier to see than in
Fig. 3a.

Note in Fig. 2 that the vortex system has migrated farther down
into the tank than in Fig. 3a at the same time. This reduced migra-
tion distance with strati� cation is consistent with previous labora-
tory measurementsof vortex migration in strati� ed � ows.3 Figure 4
shows vortex migration as a function of nondimensional depth vs
nondimensional time for the runs in Table 1 and for the data in
Sarpkaya.3 Here, the + and £ symbols represent laboratory data
from two unstrati� ed runs and the closed, shaded symbols represent
laboratorydata from four strati� ed runs. The open squares are from
Sarpkaya. The dashed line is the inviscid result H = T . We note
the following in Fig. 4. First, data from the two unstrati� ed runs
(runs 6383 and 6387) follow each other closely. This shows small
run-to-run variability. (For the unstrati�ed cases, the depth of the
vortex system was evaluated away from the areas of reconnection
since, after reconnection, the pinched regions rebound to near the
level of the rest of the ring.) Second, the data from the two strati� ed
runs that were performed under similar conditions (runs 6392 and
6393)also followeachotherclosely,againshowingsmall run-to-run
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a)

b)

Fig. 3 Same as Fig. 2 except for a strati� ed run (run 6393): a) side
view and b) three-dimensional view. In both views, arrows point to the
short-scale waves.

Fig. 4 Nondimensional vertical vortex migration distance vs nondi-
mensional time for laboratory and numerical experiments for strati� ed
and unstrati� ed runs.

variability. (For the strati� ed runs, the average depth of the cores
is plotted.) The other two strati� ed runs were performed at differ-
ing speeds and angles of attack. Regardless, all of the laboratory
data in Fig. 4 are consistent in that decreasing Fr implies a smaller
vortex migration in the vertical direction. Finally, we note that the
nondimensional time of the images in Fig. 3 (T » 3) corresponds
to near the time of the maximum migration (maximum H ) for Run
6393.

Fig. 5a Vertical peak-to-peak amplitudevs time for the low-resolution
numerical results (diamonds) and the high-resolutionnumerical results
(triangles) for the strati� ed cases F1r and F1R. The solid lines are ex-
ponential � ts to the data.

Fig.5b Horizontalwavelengthvstime for the low-resolutionnumerical
results (diamonds) and the high-resolutionnumerical results (triangles)
for the strati� ed cases F1r and F1R. The solid lines are exponential � ts
to the data.

Figure 5 shows growth of vertical amplitude (Fig. 5a) and hori-
zontal wavelength (Fig. 5b) for the numerical calculations F1r and
F1R. This � gure shows that the results for these two calculations
agree reasonablywell.Because the numericalaccuracyof the higher
resolution calculation is at least a factor of two better than the nu-
merical accuracyof the lower resolutioncalculation(Fig. 1) and the
results of the two calculationsagree (Fig. 5), we infer that the higher
resolution calculations are accurate simulations of the phenomena
under study.

Figure 4 includes results from numerical simulations for the con-
ditions associated with Figs. 2 and 3. In Fig. 4, the solid, black
symbols connected by the thick, solid lines show migration depths
vs time for the high-resolutionnumerical simulations.The unstrati-
� ed simulation, shown by the black circles and the thick, solid line,
compares very well with the laboratory data. The simulation for
Fr =1, shown by the black squares and the thick, solid line, falls
between our laboratory data for Fr =0.73 and 1.0, and falls nearly
on top of Sarpakaya’s Fr =1.0 data. We attempt to explain some of
this difference with the Fr =1.0 runs below. We note that D H , the
difference in values of H between the numerical simulationand our
laboratory data for Fr =1.0, is around 0.3 at T =3.

Figure 6 shows surface contours of vorticity from the higher res-
olutionnumericalsimulation for Fr =1 at times of T = 2.4, 3.2, and
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a)

b)

c)

Fig. 6 Computed surface contours of vorticity from the high-resolution numerical simulation for Fr = 1 at nondimensional times of a) T = 2:4,
b) T = 3:2, and c) T = 4:0.

4.0.For this simulation,the initialperturbationwavelengthspectrum
ranged from 5b0 to 0.25b0 . The minimum resolved wavelength, de-
termined by the resolution of the computational grid, was 0.039b0.
This � gure shows that both the amplitudes and wavelengths of the
short scales predicted by the calculation grow with time. Note also
that the oscillations of the vortices tend to be out of phase in the
same way as we observed for the vortices in Fig. 3a.

A comparison of the observed and computed vertical component
of short-scale amplitudegrowth with time is shown in Fig. 7. In this
� gure, measurements from the three laboratory runs with Froude
number near unity are shown as squares, and the results from the
high-resolution numerical calculation for Fr = 1 are shown as tri-
angles. Numerical results for N =0 are shown as circles. Multiple
values at a given time show the range of amplitudes of the short
scales obtained from the measurementsand the calculations.An ex-
ponential � t to the strati� ed lab measurements is shown as a thick,
solid line, and an exponential� t to the correspondingcode results is
shown as a thin, solid line. A very thin, solid line is the exponential
� t to the numerical results for the unstrati� ed case.

Figure 7 shows that amplitudes from both the laboratory obser-
vations and the numerical simulation for Fr =1 increase with time
and that the magnitude of the measured and calculated amplitudes
are similar. We note that the exponential � ts to the laboratory and
numerical results nearly overlay. The amplitudes for the numerical
N = 0 case are non-zero, but are more than an order of magnitude
smaller than for the Fr =1 case at larger times.

In Fig. 7 at a time of T » 3, the peak-to-peak amplitude of the
short-scale waves for the Fr =1 case ranges from around 0.1b0 to
0.3b0. These values are close to D H , the size of the differences we
notedin Fig. 4 betweentheverticalmigrationresultsfor thecode and
our laboratorymeasurementsat T » 3. Thus, the differenceswe saw
in Fig. 4 between our laboratory results for Fr = 1.0, the laboratory
results for Fr =1.0 from Sarpkaya, and our numerical simulation
for Fr =1.0 may be due, in part, to the dif� culty in determining
the “average” depth of the vortex system in the presence of the
short-scalewaves.

Figure 8 shows the horizontal wavelengths of the short scales
with time. Again, the laboratorymeasurements are the squares, and
the results from the numerical simulation for Fr = 1 are the trian-
gles. The exponential� ts are also shown. This � gure shows that the
wavelengths from both the laboratory � ow and the calculationhave
a tendency to increase with time, and that the wavelengths range
between 0.5b0 and 2b0. Note that this wavelength is signi� cantly
smaller than the Crow instability wavelength. Also shown in Fig. 8
are the wavelengths for the N =0 case, and it is clear that these
wavelengths grow very slowly with time.

Figure 9 shows the verticalcomponentof the short-scalewaves vs
horizontalwavelength.The data symbols are the same as those used

Fig. 7 Comparison of laboratory measurements and high-resolution
numerical results for the vertical amplitude of the short-scale waves
vs nondimensional time. Strati� ed laboratory data are shown by the
squares; an exponential � t to have data is shown by the thick, solid line.
High-resolution numerical results for the strati� ed case are shown by
triangles; an exponential � t to these data is shown by the thin, solid line.
Results for an unstrati� ed, high-resolution numerical simulation are
shown by the circles, and an exponential � t to these unstrati� ed results
is shown by the very thin, solid line. The � lled circle is data from Fig. 4
in Leweke and Williamson7 for an unstrati� ed � uid.

in Figs. 7 and 8. For the strati� ed lab measurements and strati� ed
code simulation, the amplitudes grow with increasing wavelength.
Again, for the unstrati�ed codesimulation,theamplitudestayssmall
and relatively constant with time.

V. Discussion
Table 3 shows a comparison of parameters for this study and

the studies of Crow,2 Thomas and Auerbach,5 and Leweke and
Williamson.7 Note that all of these studies, except ours, were for
unstrati� ed � ow.

Estimates of the most likelyobservablescalesto be expectedfrom
the axial instabilityof a pair of trailingvorticeswere presentedin the
studies of Crow2 and Widnall et al.14 and the review of Widnall.15

Crow’s analysis indicated that, for a pair of vortices with core radii
in the range 0.10b0 –0.25b0 , the maximum ampli� cation of axial
perturbations should occur at wavelengths on the order of 8b0 and
b0. The former result is better known because it helps to explain
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Table 3 Comparison of parameters for selected studies

Predicted or Times of Includes
observed Vertical predictions or Vortex Vortex axial

Type of horizontal amplitude Observation observations, Reynolds generation velocity
Author study Fluid wavelength (peak-to-peak) or prediction T number mechanism ?

Crow2 Analytical Unstrati� ed 8.6b0 , » b0 In� nitesimal Prediction In� nitesimal N/Aa N/A No
Leweke and Analytical Unstrati� ed » 0.5b0 –b0 In� nitesimal Prediction In� nitesimal N/A N/A No
Williamson7 for short

scale
waves

Thomas and Laboratory Unstrati� ed 0.4b0 –0.9b0 Not Observed 4.3, 5.0 (2 £ 103)– Rotation No
Auerbach5 experiments (from their discussed on stopping (1.2 £ 104) and stopping

Table 1) vortex only of single
� at plate

Leweke and Laboratory Unstrati� ed 0.9b0 for 0.2b0 for Observation 4.8 to 8.6 (2.4 £ 103)– Rotation No
Williamson7 experiments short scale short scale (2.8 £ 103) and stopping

waves waves (from of two � at
(from their their Fig. 4) plates
Fig. 4)

This study Laboratory Unstrati� ed Observed Numerically Observation 2 to 4 » 2.5 £ 104 Wing at Yes
experiments » 8.5b0 predicted and angle of
and (Crow); < 0.03b0 for prediction attack
numerical < 0.1b0 short scale
simulations for short waves

scales
This study Laboratory Strati� ed 0.5b0 –2b0 Up to 0.4b0 Observation 2 to 4 » 2.5 £ 104 Wing at Yes

experiments (Fr » 1) for short for short and angle of
and scale scale waves prediction attack
numerical waves
simulations

aN/A, Not applicable.

Fig. 8 Similar to Fig. 7 except for horizontal wavelength vs nondimen-
sional time.

the observed behavior of aircraft contrails. According to Crow, the
larger scale is favored in the atmosphere because it is reasonably
similar to the scales of naturally occurring turbulence.

As pointed out by Widnall et al.,16 Crow’s analysis is not valid
for short wavelengths. However, Leweke and Williamson7 have
recentlypresentedresults, based on the work of Tsai and Widnall,17

which are valid for short wavelengths. Their Fig. 15 shows that
the maximum ampli� cation of axial perturbationsfor Gaussian vor-
tices having core radii in the range of 0.10b0 –0.25b0 will occur
at wavelengths in the range 0.5b0 –1.0b0, which is similar to the
range of initial wavelengths seen in our laboratory and simulation
results.

We note that theseresultsare all for vortexinstabilityin anunstrat-
i� ed � uid. Our results for an unstrati� ed � uid, shown in Fig. 2, also
supportthegrowthofwavelengthsaround8b0 in anunstrati� ed � ow.
Our strati� ed � ow results, shown in Figs. 3, 5, 6, 8, and 9, however,
show the growth of smaller-scale wavelengths of order 0.5b0 –3b0.
Whereas these wavelengths are similar to the wavelength predic-

Fig. 9 Similar to Fig. 7 except for vertical amplitude vs horizontal
wavelength. The data from Leweke and Williamson7 are not shown
because the nondimensional time of their observation is larger than the
times of these observations.

tions of Crow2 and Leweke and Williamson,7 their predictions are
only for unstrati�ed � ow, while we observe these short-scalewaves
only in strati� ed � ow. This difference between predictions and ob-
servations in unstrati� ed � ow and observations in strati� ed � ow is
an important aspect of this paper.

It is also important to note that the results of Crow2 and Leweke
and Williamson7 are based on linear perturbation (in� nitesimal
time) analyses of the kinematic relationship between vorticity and
velocity in an incompressible,unstrati�ed � uid. It is, thus, not clear
to what extent these previous studies are valid for the long-time,
nonlinearevolution of trailing vortices in strati� ed � uids, discussed
here. These earlier studies do, however, provide a guide to what
scales may be expected (cf. Table 3).

Comparing previous short-scale wave observations with our re-
sults, we note that Fig. 4 in Thomas and Auerbach5 shows very
small-amplitude short waves at a dimensional time, t, of 0.8 s,
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larger-amplitude short waves at t = 1.3 s, and even larger ampli-
tude short waves at t =1.7 s. Unfortunately, we cannot determine
the nondimensionaltimes of these observationswithout knowledge
of the rotation rate of the plate generator in this � gure. Figure 4 in
Ref. 7 shows short-scale waves at T =5.6 and 6.8. We have ana-
lyzed the data from Fig. 4 at T = 5.6 and have plotted the results as
the black, � lled, circle in Figs. 7 and 8. We see in these � gures that
the N =0 data point from Leweke and Williamson is reasonably
consistent with our three-dimensional code results for N =0. (We
note that the data from Leweke and Williamson in our Fig. 7 show,
strictlyspeaking,the horizontalpeak-to-peakamplitude,as opposed
to the vertical amplitude for our data. However, Fig. 6 in Leweke
and Williamson shows that the instability is aligned at 45 deg to
the horizontal, thus making the horizontal and vertical excursions
equal.) What standsout from the comparisonsin Figs. 7 and 8 is that
both our laboratory and numerical results show more rapid growth
and longer wavelengthsof short-scalewaves in strati� ed � ows than
is or has been observed in nonstrati�ed � ows. Looking at the data
in both Refs. 5 and 7, we see that, even for large amplitude waves,
the observed short-scalewavelength is always less than b0. This re-
sult is unlike our observationsof wavelengths of order 2b0 (Fig. 8).
We currently do not understand the mechanism for either the more
rapid growth or the longer wavelengths, but, clearly, strati� cation
must play an important role.

Another interesting question is why the short-scale waves, ob-
served in the nonstrati�ed experiments of Thomas and Auerbach5

and Leweke and Williamson,6,7 were not observed in our own non-
strati� ed laboratory experiments. One clue, perhaps, is in the vor-
tex Reynolds number (see Table 3). In Thomas and Auerbach,5

the vortex Reynolds number ranged from 2 £ 103 to 1.2 £ 104.
In Leweke and Williamson,6,7 the vortex Reynolds number was
between 2.4 £ 103 and 2.8 £ 103 . The lower end of these vortex
Reynolds numbers imply a laminar � ow, which is consistent with
the photographs in these two papers. In our laboratoryexperiments,
the medianReynolds numberwas 2.45 £ 104 , and the cell surround-
ing the vortex cores was clearly turbulent (as judged by rapid dye
dispersion). Thus, it may be that the previousexperimentsobserved
a laminar instability that does not appear in our experiments with
larger vortex Reynolds numbers and turbulence in the vortex cell
surrounding the vortex cores. If, in a strati� ed � ow, the vortex cell
becomes laminar as the vertical migration of the vortex pair ceases
and the vortex Reynolds number decreases, then laminar instability
may also explain why we observe small-scale growth late in the
evolution of the strati� ed vortex pair.

Another difference between our laboratory results and previous
laboratory measurements is axial � ow. In our experiments, axial
� ows are generatedas the wing is towed down the tank. In the exper-
iments of Thomas and Auerbach5 and Leweke and Williamson,6,7

no axial � ows are generated, at least initially, since there is no axial
movement of the vortex generator.However, in our numerical sim-
ulations, no initial axial � ows are present either. Thus, the role of
axial � ow in the instability is unclear at this time.

Leweke and Williamson7 attribute the appearance of short-scale
waves in their experiments to an elliptic instability. A recent theo-
retical study by Billant et al.18 supports this explanation. Since our
experimentswere performed with larger vortex Reynolds numbers,
axial � ow, and strati� cation, it is unclear whether we are observing
the same instabilityas Leweke andWilliamsonor not.To complicate
matters further, our previous numerical simulations10 showed that
strati� cation ampli� es the rate at which Crow instabilityand linking
occur. The role of strati� cation may be to dampen the turbulence in
the vortex cell, thus allowing a laminar instability to grow, and/or it
may be that strati� cation introduces small scales in the vortex cores
which then amplify sooner than in an unstrati� ed � uid. Alternately,
strati� cation may play another, as yet unde� ned, role. In any case,
due to the similarity of scales between our observed small scales
and those of Leweke and Williamson, the elliptic instability must
be suspected of playing some role in our experiments.

Another important question is whether our observationsand sim-
ulations of short-scale instability is a low Reynolds number phe-
nomenon only, or whether our results are also relevant to high
Reynolds number aircraftvortices.Previously,we have shown good

agreementbetween themigrationand vortexdecayof our laboratory
vorticesand aircraftvortexmeasurements,19 where the aircraftmea-
surements were obtained under the Aircraft Vortex Spacing System
(AVOSS) Program20 conductedby NASA. Additional, encouraging
comparisons we have obtained will be presented in the near future.
Based on these comparisons, we suspect that our low-Reynolds-
number results are at least indicative of the results we would see
at much higher Reynolds numbers. Future work in this area should
concentrate on these types of comparisons.

We note that the core sizes used in our numerical comparisons
are quite large compared to aircraft vortex cores. Recent labora-
tory measurements indicate that the cores of our laboratoryvortices
are much smaller than those used in the numerical simulations.The
goodagreementspresentedherebetweenthe laboratoryexperiments
and numerical simulations suggest that core size may not be a � rst-
order effect for vortex evolution in a highly strati� ed environment.
We have previously shown that core size is important in numerical
simulations for the long-time evolution of vortices in an unstrati� ed
environment (unpublished), but is relatively unimportant for very
early evolution times. This result implies that core size is an im-
portant aspect of vortex evolution, but its effect may only be felt at
times later than those in this study.

Finally, it is important to determinethe effectsof vortexevolution
in a realistic environment, including the effects of strati� cation,
turbulence,and shear. An example of the type of question that needs
to be addressed is whether the instability observed here would be
observed in an environment with ambient turbulence, or whether
turbulence effects would dominate this instability. We do not have
any answer to this question, but we raise it as a topic for researchers
to pursue in the future.

It is generally acknowledged that meandering of the trailing vor-
tex wake can be due to ambient turbulent scales advecting the vor-
tices, although no studies to our knowledge have quanti� ed this
effect. The results presented here indicate that a vertical oscillation
of up to 0.4b0 can be due solely to strati� cation, even in a nonturbu-
lent environment. Since b0 for a commercial aircraft can be 50 m,
this implies a vertical meandering of 20 m due to strati� cation ef-
fects alone, with horizontal wavelengths around 100 m. Using b0

for Boeing-737 and 747 aircraft and V0 based on typical aircraft
cruise parameters, for a nondimensional time of 4, this corresponds
to distances of » 10–25 km behind the aircraft.

VI. Conclusions
The important conclusions from this study are the following:
1) In an unstrati� ed, nonturbulent, and unsheared � uid, our ob-

servations con� rm that the primary vortex instability is the Crow
instability, as previously predicted by Crow.2

2) In an unstrati� ed, nonturbulent,and unsheared� uid, we do not
observe large amplitude, short-scale waves (of order b0) on vortex
cores as observed in the laboratory experiments of Thomas and
Auerbach7 and Leweke and Williamson.6,7 We attribute our lack of
these small-scale waves to our larger vortex Reynolds numbers (see
Table 3) and to our different vortex generation mechanism (towed
wings at an angle of attack compared to generation from the motion
of one or more � at plates).

3) In a strati� ed,nonturbulent,andunsheared� uid,we observethe
growth of large amplitude, short-scale waves (0.5b0–3b0 ) in vortex
evolution in highly strati� ed environments(Fr » 1). We believe this
is the � rst observationof these short-scalewaves from vortex evolu-
tion in a strati� ed � ow. For a commercial aircraft, the vertical peak-
to-peakamplitudeoscillationof the vortexcores due to this instabil-
ity could be up to 20 m with a horizontalwavelengtharound 100 m.
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